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CERTAIN FUNCTORS OF NILPOTENT LIE ALGEBRA WITH
THE DERIVED SUBALGEBRA OF DIMENSION TWO
FARANGIS JOHARI AND PEYMAN NIROOMAND
Abstract. By considering the nilpotent Lie algebra with the derived subal-
gebra of dimension 2, we compute some functors include the Schur multiplier,
the exterior square and the tensor square of these Lie algebras. We also give
the corank of such Lie algebras.
1. Introduction and Motivation and Preliminaries
Let F be an algebraic closed field and L be a nilpotent Lie algebra over F.
Following [1, 2, 7, 11, 12, 13, 15], the Schur multiplier of a Lie algebra L, M(L),
can be defined as M(L) ∼= R ∩ F 2/[R,F ] where L ∼= F/R for a free Lie algebra F.
There is a wide literature about Schur multiplier of L and the reader can find some
more information on this topic for instance in [1, 2, 7, 11, 12, 13, 15].
By looking [6], suppose L⊗L is used to denote the tensor square of a Lie algebra
L. The exterior square L ∧ L is obtained from L ⊗ L by imposing the additional
relation l⊗l = 0 for all l ∈ L and the image of l⊗l′ is denoted by l∧l′ for all l, l′ ∈ L.
From [6], let LL be the subalgebra of L ⊗ L generated by the elements l ⊗ l for
all l ∈ L. Clearly, L∧L ∼= L⊗L/LL and by a famous result of Ellis (see Lemma
1.5), the Schur multiplier of L is isomorphic to the kernel of the commutator map
κ′ : l ∧ l1 ∈ L ∧ L 7−→ [l, l1] ∈ L
2.
The goal of this paper is to give a complete description of the structure of some
functors, such as the Schur multiplier, the exterior square and the tensor square for
a non-abelian nilpotent Lie algebra L with the derived subalgebra of dimension at
most 2.
For a Lie algebra L we denote by L(ab) the factor Lie algebra L/L2, which is
always abelian. The following lemma gives the structure of Schur multiplier with
respect to the direct sum of two Lie algebras.
Lemma 1.1. [1, Proposition 3] Let A and B be two Lie algebras. Then
M(A⊕B) ∼=M(A)⊕M(B)⊕ (A(ab) ⊗B(ab)).
We denote an abelian Lie algebra of dimension n and Heisenberg Lie algebra by
A(n) and H(m), respectively. Schur multipliers of abelian and Heisenberg algebras
are well known. (See for instance [15, Lemma 2.6].)
Lemma 1.2. We have
(i) dim(M(A(n))) =
1
2
n(n− 1),
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(ii) dimM(H(1)) = 2,
(iii) dimM(H(m)) = 2m2 −m− 1 for all m ≥ 2.
Recall that a Lie algebra L is said to be capable if L ∼= H/Z(H) for a Lie algebra
H . The following lemma gives the structure of all nilpotent Lie algebras and the
capability of them when the derived subalgebra has dimension one.
Lemma 1.3. [15, Theorem 3.5] if L be a nilpotent Lie algebra of dimension n such
that dimL2 = 1, then L ∼= H(m)⊕A(n− 2m− 1) for some m ≥ 1 and L is capable
if and only if m = 1, that is, L ∼= H(1)⊕A(n− 3).
The following result gives the Schur multiplier of nilpotent Lie algebras with the
derived subalgebra of dimension one.
Proposition 1.4. Let L be a nilpotent Lie algebra of dimension n such that
dimL2 = 1. Then L ∼= H(m)⊕A(n− 2m− 1).
(i) If m = 1, then dimM(L) =
1
2
(n− 1)(n− 2) + 1 =
1
2
n(n− 3) + 2.
(ii) If m ≥ 2, then dimM(L) =
1
2
(n− 1)(n− 2)− 1.
Proof. The result follows from [11, Theorem 3.1]. 
The next lemma shows the kernel of the commutator map κ′ : L∧L→ L2 given
by l ∧ l1 7→ [l, l1] is isomorphic to the Schur multiplier of L.
Lemma 1.5. [6, Theorem 35 (iii)] Let L be a Lie algebra. Then 0 → M(L) →
L ∧ L
κ′
−→ L2 → 0 is exact.
Let Z∧(L) be the exterior center of L, which is defined in [15]. It is known
that L is capable if and only if Z∧(L) = 0. The following lemma is a criterion for
detecting the capable Lie algebras.
Lemma 1.6. [15, Corollary 2.3] N ⊆ Z∧(L) if and only if the natural map L∧L→
L/N ∧ L/N is an isomorphism.
Lemma 1.7. [15, Theorem 2.7] Let A and B be two Lie algebras. Then
(A⊕B) ∧ (A⊕B) ∼= (A ∧ A)⊕ (B ∧B)⊕ (A(ab) ⊗B(ab)).
Lemma 1.8. Let L be a Lie algebra. Then
(L ∧ L)2 = 〈[l1, l2] ∧ [l3, l4]|l1, l2, l3, l4 ∈ L〉 = 〈l ∧ l
′|l, l′ ∈ L2〉.
Proof. Since for every l1, l2, l3, l4 ∈ L, [l1 ∧ l2, l3 ∧ l4] = [l1, l2] ∧ [l4, l3] ∈ 〈[l1, l2] ∧
[l3, l4]|l1, l2, l3, l4 ∈ L〉, we get (L ∧ L)
2 = 〈[l1, l2] ∧ [l3, l4]|l1, l2, l3, l4 ∈ L〉 = 〈l ∧
l′|l, l′ ∈ L2〉. 
Another notion having relation to capability is the epicenter Z∗(L) of L, which
is defined in [18]. From [15], Z∗(L) = Z∧(L) which is an interesting result. The
following result gives a criteria for recognizing capable Lie algebras.
Proposition 1.9. Let L be a finite dimensional Lie algebra with the central ideal
I of L. Then
(i) dim(M(L)) ≥ dim(M(L/I))− dim(L2 ∩ I),
(ii) dim(M(L)) = dim(M(L/I))− dim(L2 ∩ I) if and only if I ⊆ Z∗(L).
Proof. The result follows from [18, Proposition 4.1(iii) and Theorem 4.4]. 
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Recall that a Lie algebra is called unicentral provided that Z(L) = Z∧(L). For
a stem Lie algebra (a Lie algebra such that Z(L) ⊆ L2) class 3 and the derived
subalgebra of dimension 2, we have
Proposition 1.10. [17, Corollary 4.11] Let T be an n-dimensional stem algebra of
class 3 and dim T 2 = 2. Then T is non-capable if and only if n ≥ 6. Moreover, T
is unicentral.
Lemma 1.11. [17, Lemma 4.5] Let T be an n-dimensional stem Lie algebra of class
3 such that dim T 2 = 2. Then Z(T ) = T 3 ∼= A(1) and T/Z(T ) ∼= H(1)⊕A(n− 4).
Using notation and terminology in [3, 4, 5, 8, 9], we have
L4,3 ∼= L(3, 4, 1, 4) ∼= 〈x1, . . . , x4|[x1, x2] = x3, [x1, x3] = x4〉.
L5,5 ∼= L(4, 5, 1, 6) ∼= 〈x1, . . . , x5|[x1, x2] = x3, [x1, x3] = x5, [x2, x4] = x5〉.
L5,8 = 〈x1, . . . , x5
∣
∣[x1, x2] = x4, [x1, x3] = x5〉.
L6,22(ǫ) = 〈x1, . . . , x6
∣
∣[x1, x2] = x5 = [x3, x4], [x1, x3] = x6, [x2, x4] = ǫx6〉,
where ǫ ∈ F/(
∗+
∼) and Char F 6= 2.
L
(2)
6,7(η)
∼= 〈x1, . . . , x6
∣
∣[x1, x2] = x5, [x3, x4] = x5 + x6, [x1, x3] = x6, [x2, x4] = ηx6〉,
where η ∈ {0, ω} and Char F = 2.
L1 ∼= 〈x1, . . . , x7
∣
∣[x1, x2] = x6 = [x3, x4], [x1, x5] = x7 = [x2, x3]〉.
Then
Proposition 1.12. The Schur multiplier of Lie algebras L5,8, L6,22(ǫ), L
(2)
6,7(η), L1,
L4,3, L5,5 are abelian Lie algebras of dimension 6, 8, 8, 9, 2 and 4, respectively.
Proof. The result follows from [8, 9], [16, Proposition 2.10] and [17, Proposition
3.3]. 
Let cl(L) be the nilpotency class of L. The following theorem gives the clas-
sification of all capable finite dimensional nilpotent Lie algebras with the derived
subalgebra of dimension at most two.
Theorem 1.13. [17, Theorem 5.5] Let L be an n-dimensional nilpotent Lie algebra
such that dimL2 ≤ 2. Then L is capable is if and only if L is isomorphic to one
the following Lie algebras.
(i) If dimL2 = 0, then L ∼= A(n) and n > 1.
(ii) If dimL2 = 1, then L ∼= H(1)⊕A(n− 3).
(iii) If dimL2 = 2 and cl(L) = 2, then L ∼= L5,8⊕A(n−5), L = L
(2)
6,7(η)⊕A(n−
6), L ∼= L6,22(ǫ)⊕A(n− 6), or L ∼= L1 ⊕A(n− 7).
(iv) If dimL2 = 2 and cl(L) = 3, then L ∼= L4,3⊕A(n−4) or L ∼= L5,5⊕A(n−5).
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2. main results
In this section, we are going to compute some functors, such as the Schur mul-
tiplier, the exterior square and the tensor square of all nilpotent Lie algebras with
the derived subalgebra of dimension at most 2. Moreover, we obtain the corank,
t(L), of all such Lie algebras L, where t(L) =
1
2
n(n− 1)− dimM(L).
Since by Theorem 1.13, the structure of all capable nilpotent Lie algebras with
the derived subalgebra of dimension at most 2 is well-known, first of all, we focus
on non-abelian non-capable nilpotent Lie algebras with the derived subalgebra of
dimension at most 2. Then by classification of capable nilpotent Lie algebras with
the derived subalgebra of dimension at most 2, we compute various functors for
these Lie algebras.
The following lemma shows that the capability of a finite dimensional non-abelian
Lie algebra depends only to the capability of a stem subalgebra as a direct sum-
mand.
Proposition 2.1. Let L be a finite dimensional nilpotent Lie algebra of nilpotency
class c > 1. Then L ∼= T ⊕ A and Z(T ) = Z(L) ∩ L2 where A is abelian and T is
stem. Moreover, Z∧(L) = Z∧(T ).
Proof. By using [10, Proposition 3.1], Z(T ) = Z(L) ∩ L2 and L ∼= T ⊕ A. Thus
L2 = T 2 and so Z(T ) = Z(L) ∩ L2 ⊆ T 2. Hence T is a stem. The rest of proof
obtained directly by using [10, Proposition 3.1]. 
The nilpotency class of a Lie algebra L with the derived subalgebra of dimension
two is 2 or 3. Now for a Lie algebra L of class two, by using Proposition 2.1, we
have L ∼= T ⊕ A for a stem Lie algebra and an abelian Lie algebra A. Therefore
when L is a nilpotent Lie algebra of class two, T should be a generalized Heisenberg
of rank m (a Lie algebra such that T 2 = Z(T ) and dimT 2 = m).
The following result gives the Schur multiplier of a non-capable Heisenberg Lie
algebra.
Proposition 2.2. [16, Proposition 3.1] Let H be a non-capable generalized Heisen-
berg Lie algebra of rank 2 such that dimH = n. Then dimM(H) =
1
2
(n − 3)(n −
2)− 2, or dimM(H) =
1
2
(n− 4)(n− 1) + 1 =
1
2
(n− 3)(n− 2).
Proposition 1.10 shows that all n-dimensional stem Lie algebras T of class 3
when n ≥ 6 and dimT 2 = 2 are non-capable. Therefore the Schur multiplier of
non-capable stem Lie algebra T of class 3 with dim T 2 = 2 is obtained as following.
Theorem 2.3. Let T be an n-dimensional stem Lie algebra of class 3 such that
dimT 2 = 2. Then for all n ≥ 6, we have
M(T ) ∼= A(
1
2
(n− 3)(n− 2)).
Proof. By Proposition 1.10 and Lemma 1.11, T is non-capable and unicentral
and so Z∗(T ) = Z(T ) ∼= A(1). Using Proposition 1.9 (ii), we have dimM(T ) =
dimM(T/Z∗(T ))− 1. By Lemma 1.11, we have T/Z∗(T ) ∼= H(1)⊕A(n− 4). Now,
Proposition 1.4 (i) implies
dimM(T ) =
1
2
(n− 1)(n− 4) + 1 =
1
2
(n− 3)(n− 2),
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as required. 
In the next proposition, we obtain the corank of a non-capable stem Lie algebra
with the derived subalgebra of dimension 2.
Proposition 2.4. Let T be a non-capable n-dimensional nilpotent stem Lie algebra
such that dimT 2 = 2. Then
(i) If cl(T ) = 2, then t(T ) = 2n− 1 or t(T ) = 2n− 3.
(ii) If cl(T ) = 3, then t(T ) = 2n− 3.
Proof. (i). We know that
t(T ) =
1
2
n(n− 1)− dimM(T ).
By Proposition 2.2, we have
t(T ) =
1
2
n(n− 1)−
1
2
(n− 3)(n− 2) + 2
or
t(T ) =
1
2
n(n− 1)−
1
2
(n− 4)(n− 1)− 1.
Therefore
t(T ) = 2n− 1 or t(T ) = 2n− 3.
(ii). Similar to the case (i), by using Theorem 2.3, we can obtain that t(T ) =
2n− 1. 
Theorem 2.5. Let L be a non-capable n-dimensional Lie algebra of class two such
that dim(L/Z(L)) = m and dimL2 = 2. Then L ∼= H⊕A(n−m− 2), where H is a
non-capable generalized Heisenberg of rank two and M(L) ∼= A(
1
2
(n−3)(n−2)−2)
or M(L) ∼= A(
1
2
(n− 3)(n− 2)).
Proof. Propositions 2.1 implies L ∼= H ⊕A(n−m− 2), where Z(H) = H2 = L2 ∼=
A(2). Using Proposition 2.2, we have
dimM(H) =
1
2
m(m− 1)− 2
or
dimM(H) =
1
2
(m+ 1)(m− 2) + 1.
Now, Lemmas 1.1 and 1.2 imply
dimM(L) = dimM(H) + dimM(A(n−m− 2)) + dim((H)(ab) ⊗A(n−m− 2)).
Thus
dimM(L) =
1
2
m(m− 1)− 2 +
1
2
(n−m− 2)(n−m− 3) +m(n−m− 2)
=
1
2
m(m− 1) +
1
2
(n−m− 2)(n+m− 3)− 2 =
1
2
(n− 2)(n− 3)− 2
or
dimM(L) =
1
2
(m+ 1)(m− 2) + 1 +
1
2
(n−m− 2)(n−m− 3) +m(n−m− 2)
=
1
2
(m+ 1)(m− 2) +
1
2
(n−m− 2)(n+m− 3) + 1 =
1
2
(n− 2)(n− 3).
Hence the result follows. 
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Theorem 2.6. Let L be a non-capable n-dimensional Lie algebra of class 3 such
that dim(L/Z(L)) = m and dimL2 = 2. Then L ∼= T ⊕A(n−m− 1) and M(L) ∼=
A(
1
2
(n− 2)(n− 3)).
Proof. Lemma 1.11, Propositions 1.10 and 2.1 imply L ∼= T ⊕A(n−m− 1), where
Z(T ) = L2 ∩ Z(L) ∼= A(1). Theorem 2.3 implies
dimM(T ) =
1
2
m(m− 3) + 1.
Using Lemmas 1.1 and 1.2, we have
dimM(L) = dimM(T ) + dimM(A(n−m− 1)) + dim((T )(ab) ⊗A(n−m− 1)).
Therefore
dimM(L) =
1
2
m(m− 3) + 1 +
1
2
(n−m− 1)(n−m− 2) + (m− 1)(n−m− 1) =
1
2
m(m− 3) +
1
2
(n−m− 1)(n+m− 4) + 1 =
1
2
(n− 2)(n− 3).
The result follows. 
Corollary 2.7. Let L be a non-capable n-dimensional nilpotent Lie algebra such
that dimL2 = 2. Then
(i) If cl(L) = 2, then t(L) = 2n− 1 or t(L) = 2n− 3.
(ii) If cl(L) = 3, then t(L) = 2n− 3.
Proof. The result follows by using Theorems 2.5 and 2.6. 
Lemma 2.8. Let L be a nilpotent Lie algebra of class two. Then L∧L ∼=M(L)⊕L2.
Proof. Since
[l1 ∧ l2, l3 ∧ l4] = [l1, l2] ∧ [l4, l3] = l1 ∧ [l2, [l4, l3]]− l2 ∧ [l1, [l4, l3]] = 0,
for all l1, l2, l3, l4 ∈ L, we have (L∧L)
2 = 0. Therefore L∧L is abelian. By invoking
Lemma 1.5, we have L ∧ L ∼=M(L)⊕ L2, as required. 
Theorem 2.9. Let L be a nilpotent Lie algebra of class two such that dimL/L2 =
m. Then L ⊗ L ∼= L ∧ L ⊕ A(12m(m + 1)). Moreover, if cl(L) = 2, then L ⊗ L
∼=
M(L)⊕ L2 ⊕ LL ∼=M(L)⊕ L2 ⊕A(12m(m+ 1)).
Proof. Using [14, Lemmas 2.2 and 2.3], we have L/L2L/L2 ∼= A(12m(m+1)). By
using [14, Theorem 2.5], we conclude L⊗L ∼= L∧L⊕A(12m(m+1)). If cl(L) = 2,
then
L⊗ L ∼=M(L)⊕ L2 ⊕ LL ∼=M(L)⊕ L2 ⊕ (L/L2L/L2),
by using Lemma 2.8. Hence the result follows. 
Corollary 2.10. Let L be a non-capable n-dimensional Lie algebra of class two
such that dimL2 = 2. Then L⊗ L ∼= A((n− 2)2) or L⊗ L ∼= A(n2 − 4n+ 6).
Proof. By using Theorems 2.5 and 2.9, we have
L⊗ L ∼= A(
1
2
(n− 3)(n− 2)− 2)⊕A(2)⊕A(
1
2
(n− 2)(n− 1)) ∼= A((n− 2)2),
or
L⊗ L ∼= A(
1
2
(n− 3)(n− 2))⊕A(2)⊕A(
1
2
(n− 2)(n− 1)) ∼= A(n2 − 4n+ 6),
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as required. 
Theorem 2.11. Let T be an n-dimensional stem Lie algebra of class 3 such that
dimT 2 = 2 and n ≥ 6. Then
(i) T ∧ T ∼=M(T )⊕ T 2 ∼= A(
1
2
(n− 2)(n− 3) + 2).
(ii) T ⊗ T ∼= A(n2 − 4n+ 6).
Proof. (i) By Lemma 1.6 and Proposition 1.10, we have Z∧(T ) = Z(T ) and so
T∧T ∼= T/Z(T )∧T/Z(T ). Since cl(T/Z(T )) = 2, T∧T ∼= T/Z(T )∧T/Z(T )
is abelian, by using Lemma 2.8. Now, Lemma 1.5 implies that T ∧ T ∼=
M(T )⊕ T 2. Using Theorem 2.3, we get
T ∧ T ∼= A(
1
2
(n− 2)(n− 3))⊕A(2) ∼= A(
1
2
(n− 2)(n− 3) + 2).
(ii) Using [14, Theorem 2.5] and the case (i), we have T ⊗T ∼= T ∧T ⊕TT ∼=
T ∧ T ⊕A(
1
2
(n− 2)(n− 1)) and so T ⊗ T ∼= A(n2 − 4n+ 6).

Theorem 2.12. Let L be a non-capable n-dimensional Lie algebra of class 3 such
that dimL2 = 2. Then
(i) L ∧ L ∼=M(L)⊕ L2 ∼= A(
1
2
(n− 2)(n− 3) + 2).
(ii) L⊗ L ∼= (L ∧ L)⊕ (LL) ∼= A(n2 − 4n+ 6).
Proof. By Lemma 1.7, Theorems 2.6 and 2.11, L ∧ L is abelian and so L ∧ L ∼=
M(L)⊕ L2. Thus
L ∧ L ∼=M(L)⊕ L2 ∼= A(
1
2
(n− 2)(n− 3) + 2).
By using case (i) and Theorem 2.9, we have
L⊗ L ∼= A(
1
2
(n− 2)(n− 3) + 2))⊕A(
1
2
(n− 2)(n− 1)) ∼= A(n2 − 4n+ 6),
as required. 
We determined the Schur multiplier, the tensor square, the exterior square and
the corank of all nilpotent Lie algebras with the derived subalgebra of dimension 2.
Now we are going to find the same for a non-capable Lie algebra with the derived
subalgebra of dimension 1.
Theorem 2.13. Let L be a non-capable n-dimensional Lie algebra of class two such
that dimL2 = 1. Then t(L) = n, L∧L ∼= A(
1
2
(n−1)(n−2)) and L⊗L ∼= A((n−1)2).
Proof. The result follows from Lemma 1.3, Proposition 1.4, Lemma 2.8 and Theo-
rem 2.9. 
The corank, the Schur multiplier, the exterior square and the tensor square of
the class of all non-abelian nilpotent Lie algebras with the derived subalgebra at
most 2 are computed when they are non-capable. Here we are going to obtain the
same results for all capable Lie algebras in this class.
We need the following result for the next investigation.
Theorem 2.14. We have
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(a) L5,8 ∧ L5,8 ∼= A(8) and L5,8 ⊗ L5,8 ∼= A(14).
(b) L6,22(ǫ) ∧ L6,22(ǫ) ∼= A(10) and L6,22(ǫ)⊗ L6,22(ǫ) ∼= A(20).
(c) L
(2)
6,7(η) ∧ L
(2)
6,7(η)
∼= A(10) and L
(2)
6,7(η) ⊗ L
(2)
6,7(η)
∼= A(20).
(d) L1 ∧ L1 ∼= A(11) and L1 ⊗ L1 ∼= A(26).
(e) L4,3 ∧ L4,3 ∼= A(4) and L4,3 ⊗ L4,3 ∼= A(7).
(f) L5,5 ∧ L5,5 ∼= A(6) and L5,5 ⊗ L5,5 ∼= A(12).
Proof. In the cases (a), (b), (c), (d), the result follows from Proposition 1.12, Lemma
2.8 and Theorem 2.9. In the cases (e), (f), Lemma 1.8 implies (L4,3 ∧ L4,3)
2 = 0
and (L5,5 ∧ L5,5)
2 = 0. Hence the result follows from using Proposition 1.12 and
Theorem 2.9. 
Theorem 2.15. Let L be anon-abelian capable n-dimensional nilpotent Lie algebra
such that dimL2 ≤ 2. Then
(i) If dimL2 = 1, then L ∼= H(1) ⊕ A(n − 3), M(L) ∼= A(
1
2
(n − 1)(n − 2) +
1), t(L) = n−2, L∧L ∼= A(
1
2
(n−1)(n−2)+2) and L⊗L ∼= A(n2−2n+3).
(ii) If dimL2 = 2 and cl(L) = 2. Then one of the following cases holds
(a) L ∼= L5,8 ⊕ A(n − 5), M(L) ∼= A(
1
2
n(n − 5) + 6), t(L) = 2n − 6,
L ∧ L ∼= A(
1
2
(n− 2)(n− 3) + 5) and L⊗ L ∼= A(n2 − 4n+ 9).
(b) L ∼= L6,22(ǫ)⊕A(n−6),M(L) ∼= A(
1
2
(n+1)(n−6)+8), t(L) = 2n−5,
L ∧ L ∼= A(
1
2
(n+ 1)(n− 6) + 10) and L⊗ L ∼= A(n2 − 4n+ 8).
(c) L ∼= L
(2)
6,7(η)⊕A(n−6), M(L)
∼= A(
1
2
(n+1)(n−6)+8), t(L) = 2n−5,
L ∧ L ∼= A(
1
2
(n+ 1)(n− 6) + 10) and L⊗ L ∼= A(n2 − 4n+ 8).
(d) L ∼= L1 ⊕ A(n − 7), M(L) ∼= A(
1
2
(n + 2)(n − 7) + 9), t(L) = 2n− 2,
L ∧ L ∼= A(
1
2
(n+ 2)(n− 7) + 11) and L⊗ L ∼= A(n2 − 4n+ 5).
(iii) If dimL2 = 2 and cl(L) = 3. Then one of the following cases holds
(a) L ∼= L4,3 ⊕A(n− 4), M(L) ∼= A(
1
2
(n− 1)(n− 4) + 2), t(L) = 2n− 4,
L ∧ L ∼= A(
1
2
(n− 1)(n− 4) + 4) and L⊗ L ∼= A(n2 − 4n+ 7).
(b) L ∼= L5,5 ⊕ A(n − 5), M(L) ∼= A(
1
2
n(n − 5) + 4), t(L) = 2n − 4,
L ∧ L ∼= A(
1
2
n(n− 5) + 6) and L⊗ L ∼= A(n2 − 4n+ 7).
Proof. The case (i), Theorem 1.13 (ii) implies L ∼= H(1) ⊕ A(n − 3). The result
follows from Proposition 1.4, Lemma 2.8 and Theorem 2.9.
In the cases (ii) and (iii), Theorem 1.13 (iii) and (iv) implies L ∼= L5,8⊕A(n− 5),
L ∼= L
(2)
6,7(η)⊕A(n−6), L
∼= L6,22(ǫ)⊕A(n−6), L ∼= L1⊕A(n−7), L ∼= L4,3⊕A(n−4)
or L ∼= L5,5⊕A(n−5). The rest of proof is obtained from Lemmas 1.1, 1.7, Theorems
2.9 and 2.14. 
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The functors, such as the Schur multiplier, the exterior square and the tensor
square of all non-abelian nilpotent Lie algebras with the derived subalgebra of
dimension at most 2 are given. When L ia abelian, we have
Theorem 2.16. Let L be an abelian Lie algebra of dimension n. Then M(L) ∼=
L ∧ L ∼= A(1/2n(n− 1)), t(L) = 0, and L⊗ L ∼= A(n2).
Proof. The result is obtained by using Lemmas 1.2 and 1.5. 
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